1 Outline

SRR BRI = 4 ] R R 2 T g — SRR ARG TR IR I 0 — oo BT,
e TR SRR RSN as. UGB, B B 2 BITRE RS TR0 e . (B0 T~ SR A 2% i — L8150, 3R
ATE SR R FNTE “oo” IXAMRIUAL: IRATEGEFHESINRABRMEN, PR30, e &S
b, BATFEISL LT HE—L2”, i n RKIEATBREKRIE, Kb—8SFEE (R loss, BL
H UL excess risk) B n SERHINHMEIIARESS, AT T Lo v AR I RE AL BT o Bk G v BE A% ST i e
) trick &: X FUERURWLFR P78 (L RBUERD , Hrh B oA AR U BEN LI 457 2 45/ BAR KT
B, XTT n— oo BINEHL, FRATVE SLH A ILARLEE I4E T 2 TE 2 1, R N IRNEE SO R BE M5 1
fEmdEg Tt AP0 “IEL KFEE L (as a function of n)” IXELYTHE b e, DAEESHIEME (tail
probability) HIJEHIL, #i40:

P(|- —E[-] > t]) < decaying function of ¢

—ANIBE G SRR, B p 5 oo FEBRKHIIE L. FEAEGETBEGTHHESE T (p = const) SETCIE
Qb BRI )RR, 0 RO SR B TR n, BIEEE o IR, B p SINZ G A BRI A SR
7] L
JIT LK v 24 1) 8 1) BR A RS5O TR, SR AT R RIERE VKA —FF 1 56 ELW3RA T EER L — N IR 0T 4, Bt
— BBV R R KNE, —HEIER empirical loss, — MR 4EFE RN norm (FEXEFNE L B, ELWiFk /operator
norm/vector norm/trace); ZJ& KEHiE E[-] # bound (as a function of e.g. n,p); AEHEH - —E[-] B
concentration. HRRG LA, (HRLEPHELIIR LT PTAKNR (RED HFEFEARRIERA L
W lt, BEE”AEH RN concentration (LA UIAT relax X bR B AT PR 1D 2 B e[t 1+ 2 (A AT REAR METH
B BRI RIEED
S2EZHH:
MJW  High-Dimensional Statistics: A Non-Asymptotic Viewpoint by Martin J. Wainwright
RV High-Dimensional Probability: An Introduction with Applications in Data Science by Roman Vershynin
RH High-Dimensional Statistics Lecture Notes by Philippe Rigollet and Jan-Christian Hiitter

RvH Probability in High Dimension - APC 550 Lecture Notes by Ramon van Handel

2 Concentration Inequalities

Concentration fR¥ LA TRAE “ FAME” MDA W B KT, HMAH]7 52 Markov A% 5]
B w =TT 2. LRA KR UAIRZ concentration W75, #ZOHEA Bl “dH|EH” (tail behaviour),
PASe— 28 B A 7, einds il (BERRRED .. B 7 B hlbEy A &, A0 A B sishilfEyiae &
IR, DAL RS AR AT .



2 CONCENTRATION INEQUALITIES 2

2.1 Sub-Gaussian

X T BEHL AR B ) R AR s ) — N S B ) Tl 2 O A ATE R s (sub-Gaussian) BUBEHLR R, ©H
WHRJINENERIR: X is sub-Gaussian if and only if there exists some K; > 0 such that

1. P R A .

P(IX —~E[X]| >t) <27/, wt>0

2. WA
E[X -E[X]PDV? < Koy/p, ¥p>1
W FEHLAS &= S8l AL K B /NP Ky 45

— qu L _ p1\1/p
1 X ]y, ~—p211>\/ﬁ(E[lX E[X]["])

3. FEHIH R H
E [eA(X—E[X])} < exzxg/z, V) € R
ERERATA 17— “PER LB i BENLAR R, 2 BT AR s, AT %A E T
fif R ia) @, IXFER RN BAE S AEG T AR Z A, I EZE 2 Hoeffding bound: 5 -V 5 il T XA 1)
X =(X1,...,X,), #ATH Va e R™

P (|(a, X)| > £) < 2exp <— £ >

lall3 max; [| X,
Bla =1, BAET I Hoofiding bound.
RLE “IFR” FENIAZ EILA sub-exponential Y, ‘B EIAT N ZE—LL.
P(|X —E[X]]) <2 K1, vt>0
E[X —E[X]P)"? < Kap, Vp>1
HWis8ZHN

1
X, :=sup=(E[|X —E[X][F])"/?
1 X1y, pzlfp( [ (XT171)

M A L ERAA R WA S W R ok R . AT X

XLy, < 1X2[],, <201X1,,

le
b e T B R BUR 2 S Ik

2.2 Hoeffding’s Inequality

MBEHLAZ & R BATRT A bound AR HIBEALIEFE UL K BEALAZ & (1 PR 2. B E4] 1 /& Hoefdding N353, X

FHALH) {X; ~ Sub-Gaussian}?, KA 1H
)2 (i)
>t <2exp | ————
> ie 1 XL,

(

n

Z(Xi -E[Xi])

i=1
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2.3 McDiarmid’s Inequality

= H AR E McDiarmid AN, 1&H T2 4848 bounded )88 %L (bounded-difference function),
L7 bound HIHEL .

‘f(.%'l, . ,wn) — f(:cl,. . .,a;i_l,ifi,wiﬂ, e ,wn)] S C;

g

2
P(f(X1,....Xn) —E[f(X1,...,Xp)] >t) <exp |: 2t 2:|

=

2.4 Bounds for Lipschitz Functions

—/I\Ej'ﬂi)ﬂ/ﬁ)ﬂ%%%% bound Lipschitz PAELHIIT N. KNIR Z BHEIRAIAEZE bound 1+ K& 210
norm AR 4, 1X B8 2R FH AR £ I R /2 Lipschitz PR X+ L-Lipschitz B3 f : A" — R Al X ~ Gaussian(0, I)

2
P(F(X) ~ OO 2 0 < 20xp (5075 )

WRI: &7 rov. 230 L-Lipschitz BREUS AT AR EIT S subGau(L?).

2.5 Maximal Inequality

WA E— N EE AR BERH ST AR, A —HI SR max FREEITA
ot hf, RIAEIRATTLL boundE [max; <, X;]-
T Xq,..., X, ~subGau(c?)

E [maxXZ} =K [ log max eAXi]

<n

AL X 155

E [maxXZ} < ov/2logn

i<n

T AT A IR RS S A, rRARATAT LB — A Xy, ... X, — Xy, ..., — X, RIS 3D
max | X;| ] bound

E [max\Xi]] < o+v/2log2n

<n
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JE SR ) S AT B i 1 union bound 153

P (maxXi > t) =P (i >1)

i<n

<> P(X; > t) =nP(X; > 1)
=1

t2
Sn exp <—22>
o

Idea: XIHFRA subGau ) maximal ) bound ZIRSZH ), KX T A FRATE LR S LR, AT
Al LA FHER AR KR ITCRKES (LW covering number) KK FEATCPRAE _E KT maximal bound #46NH
FREE Y maximal bound. W.4.395FIAHIHT 8,

2.6 Others
o Bernstein’s Inequality: FH# 5 /NOHIALEE sub-exp HREHERITT . XFTFIME X; ~ subexp(\) H
_ . ot
P(X >¢) VP (X < —t) <expl-5 (55 A 5)
ST XA WAREE I A AT AR T St (42D, FEmAL AT R THEEL (0,
o BEFFH {(Dy, Fr) )32, 1 bound. R Dy|Fy, WA sujbexp(vy, o), HAMEH bound

n n
Z Dy, ~ subexp( Z Vi, max oy,)
k=1 k=1

3 Random Process and Complexity Control
— IS
X(t), teT

A/ NHIRFRE T index WIBEHIRE, Hri T WReRIEs /B, v LR Z4EN, H28F e U580,
ERmAEGT IRt T &% REEREE 1 (MSEL 0O, 1M X;(t) "L X;(t) = f(xi) - [f( )} B
Xi(t) = £(h(xi;0),yi) — E[0(h(xi;0),y:)] 555 FATHEHE ORI R BZ W

]l

tET
FIZR7E (—IRFIWEBENGERER LY . BEURUUXIRAREE T 1 “ RN FTeR” F%, RITAEZ TR
K| Cupper or lower bound) IX¥SZ4R 7,

sup
teT




3 RANDOM PROCESS AND COMPLEXITY CONTROL 5

3.1 Complexity Control Via Metric Entropy

3.1.1 Rademacher Complexity and Symmetrization

Complexity & MFALEFERIA X —MNMEGH “ R/ A “TER B U7 B, RTHMNA 439 X
T FEIEBEHERE [(X1(6), ..., Xn®)] := X(t), ATE LI Rademacher 5445 5!

g'gzz
n

R(T) sup |—

teT

] , &i ~ Rademacher({£1})

AL E R X (t) <E,X'(t)> TR T — SRR, BRIV B X AL IATRT LIM A %8
ER2AF, 52 TR bound:

;E o (o 50} <= 5

TR R4 3R 20, B ST R G R M S e, 145 X, 1) copies JKSEILEE L.

< 2E [sup |(=, X(0))|]

3.1.2 Covering Number

A subsection AR T #B7r AK#EAE ULLN control &, FrLMERKRZ (Xp,0) 80 X, H XEIL S, A BE
0 t, ©— T BaffEs: B

BRI GOR U — NEAI “ RN FEm 4] B R AR 2 M0 12 — N EIRE S, XA e
BIMER card SRACFE )@, B MR IELIKERATHF A covering number Fl packing number. 2K ES H iT
RABIFEAKEFHLE e KA IT

o Covering Number: XfT—MES H, FATE LH e-covering number N

N(e,H,||]|) ;=min{m € N: 3hy,..., hy, € H,Vh € H, Ji € [m], |h — hi|]| < &}

o Packing Number: X T —MEA H, FATE LH e-packing number A

M(e,H,||-||) =max{m € N: 3hq,..., hy, € H, Vi #j, |hi — hj| > €}
Mg — LIS, AHE Gaussian complexity:

N

Z EiXi(t)

i=1

sup
teT

G(T):=E

:|, EZ‘NN(O,l)

(% Gaussian width:

PR LIHE R width BUA 2 FTUERY:

%E [sup <5 X(t)>] <E [supZXi(t)} <2E [sup <E,X(t)>]
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Figure 5.1 Illustration of packing and covering sets. (a) A §-covering of T is a col-
lection of elements {#',...,6Y} c T such that for each 6 € T, there is some element
j€{l,...,N}such that p(@,¢’) < 6. Geometrically, the union of the balls with cen-
ters #/ and radius & cover the set T. (b) A §-packing of a set T is a collection of
elements {#',...,6M} c T such that p(¢/,6%) > ¢ for all j # k. Geometrically, it is a
collection of balls of radius §/2 with centers contained in T such that no pair of balls
have a non-empty intersection.
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AT Z T U0 R ARG K 5
(i) (id)
MQe, H, |- [) < N H |- ) < M(e, 1, [| - )

WYL (@) BRER M2, |- ) B M2 H, || - ) € H EHPEBHDIAFILE hi,hyjo BEENE

A = hill = [[hi = hjl| = ||h = hil > 26 —e =, Vh € By (hse)
Wk 2 UL M (2, H, || - )\ {hi} Di#2 e-covering, XA e-covering &AWL G K] card F 5, A
LLN(e, 1, |- 1) = M2, 1, - )
(i) HREIRE M(e,H, |- ) B M(e,H, || -[) € He BT M(e,H, || - [|) 2352 e-packing M KES, HrEd
{ERE h € H D2
Elh’l € M(ﬁ,?‘[, || ' ”)7 ||h’ - hZ” <e
(32 e-covering)o BUNMIRAMILLEITE, M (e, H, ||-[[)U{h} B2 — D KK e-packing, X5 M(e, H, ||-
1) BIRKRHET & BTCh N(e, 1, || - [) < M(e, 1, |- [)-

P ABATH T RE bound A Hrhz —HI AT & H RS, — & bound covering.

— AN B XN T EE RN E A B Gaussian B4, W Wainwright B4 P. 136. #0715 & X
FTEET SR { X : 0 € ©) (w.r.t metric px), AU RN discretization bound
E | sup (Xp — X;)| <2E sup (X, — X)) | +2y/D?log N(e,0,px), Ve
0,0c0 77 €Ospx (v,7)<e ~~

estimation error

Ve
approximation error

He D = sup px(0,0). Tt FE4R M
0,0c©

E [eA(Xe—Xé)] < NPx(0.0)%/2

A discretization bound WA ILE—A ¢ WIRREL, FRATHEXS e LALBLEE trade-off A error 43—~
B U bound.
PL 7 ¢ R™ with ¢ norm A~

G(H) < min {evd+2,/D210gN (e 1. |- [,)}

€€[0,D]

FARBF W, Wainwright 145 P. 137,

EY. (Sketch) AB L RBURIX A F1E: 1€ 0,0 2N 7,9 € N(e,0, px)

sup (X9 — Xj) < sup (Xo— X5) + sup (X, — X))+ sup (X — X5)

0,00 B 0;7eN (¢,0,px) v €N (£,0,px) 07" eN(e,0,px)
<2 sup (Xy—Xy)+2 max | Xy, — Xp,|
7Y €O5px (v,y')<e K K 0;€N (,0,px) !
<2 sup (X, — X)) +2y/D2log N(¢,0, px)

7Y EOspx (v,7)<e
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3.1.3 Chaining

TR A AR Ay S B S — AN TR RS L, FRATTETBAA chaining 592k eidt, 153 Dudley’s entropy

integral bound.

D/2
E | sup (Xp — X;)| <2E sup (X, — X)) | +64v2 Viog N(u, 0, px)du, Ve
0,0c© 7,7 €Gspx (v1)<e e/4
approximation error estimation error

iEH. (Sketch)Chaining J7VEME B R, ¥ © £ &, = D - 27™ FE NMRIRKIS, REXN TR —A#kZ
N(D27™,0, px) ~ N (D21 @, px), bound HLAHK:F K approximation error:

~logy, D
sup (Xyg — X;) < ma X, — X, |+ ma X5 — Xsth i -
970~€p®( 0 9) 77,7/€N(D2§1,@,px)| Y ¥ | ; 5€N(D2_3”(,97PX)| B sth in previous level
~logy D
< > 2D-27""/logN(D2 ™, 0, px)
m=1
D/2
Sconst - V1og N(u,0, px) du (precise)
e/4
D/2
sc- [ Vg N 6.px) du (rough)
0
Forp T a5 oyl ik SR B trivial THE A5 R 10 £ O

3.2 Sudakov-Fernique’s Inequality for Gaussian Processes

XTTHREAE X (t) ~ N(0,3) ARR L ER, Sudakov-Fernique’s A& # (X (8))ter M (Y (2))ter
eEFLEHSHERE, 7

| Xt — Xsllg < || Ye = Yslly, VE,s €T = E [supXt} <E [squt]
t t

Remark: VERBIXRPFAALTAYR E[X,X,] > E[VY], KA “WHIrZmit” &k N
“EAERT (V) BEESHA KK supremum.

IERR. AFHW IS T W~ N(0,Z) M FH b, H
E[Wh(W)] = SE [Vh(W)]

Y L R By # AR o B AT 452
SRIGHT X (8), Y (t) fHddfE:

Zy(t) = VuX(t) + V1 —uY(¢)

RJEXEER f ZCEN E[f(Zu(t)] 7T w BERIRTERITT . BASKRTE f(x) = ;log >, P oo TBX T Hp
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LB

d

—E[f(Z(w)] =E

> it (3 o)
LeEma 1 ZEX [fvdf

dg
=3 Z Z(Ex,ij — Sy, E

i=1 j=1

1 - df
2m;Zy-E[\/l—qu§i]

&
d&g;

d*f

trivially #] LA I & <0, XFEsiaeH RIS RS0,

(]

Application: L-Lipshitz P41 supermum bound.

Example: XN FE {X;; i'fi\'Jd'N(O, 1)} imsxcn $E bound E [|[|X]]]] < vm + v/

Application: ¥ X (t) BONEAVEFI MR, Y 25— MHXE, BEHHRHLFE Cor vice versa), il
iF Sudakov-Fernique’s A&EAXFA T LAF 2] E [sup X (t)] B upper (8 lower) bound. HAARKUL,

1/2

(s5,t) = E[(X(t) - X(5))?]
e X} AR EN R (R ED, AT s X A R A giais Sl T Sne () KE:

6T ¥® — X¢

J J

? c{(S«'C) 4 C(vc()%)ﬂ) 2 [:Z C’Cv)fs)”] I

MR X(-) —dp(-, ), RAWRATEEAE X WA E PR T 89 JURARSS CRanix Bt ay LS H
Sudakov Ineq | ).
ttizuﬁ?i‘zﬁéi%?tljﬁﬁ T AR, BATATUEAT T 8 packingM (8, T, dr( -, ) = M(8, X(T), [[ll,)-
@ = independent N(0,02/2) BIA[#3%]—4 X; i lower bound:
Vs,t € M(8, T, dr(-, ) : d*(s,t) =E [(Xs — X1)?] > e =E[N(0,6*)*] =E [(V; — ¥5)?]

HM A5 2] (use MJW Exercise 2.11 or Vershynin Exercise 2.5.11)

E [sup X;] > E [sup Yi] > ¢d+/log M (6, T, dr (-, -))

BB HTH MG,T, ) > N6, T, ) BATWAT LUK X, #3E f— 4 5 i 2 K bound 7 75 4.
Example: WX THEHAE D <1 N ik 2 A

d/Iog N(6,T, -) < cE [Sup <€,t>:| = c]E[ sup (t,e ] < 04/log N, e~ N(0,1)

teP tevertices
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PLILAS 3
N(@5,T,-) S N/

CFE KSR 45 5 I, Stat461-2023Fall exam Q2, 4% C =1)

3.3 KB

—

FATE WM bound: X FEIEEILE [X1(¢),...,Xn()] = X(t),t € T, F § covering number
N, T, ), B
csup d+/log N (0, T, -
0>0

H B BRI, Dudley side X T subGau A, EF- oc [ X4l -

sup X

Sudakov [
teT

:| Dudley Diam(T')/2

< C Vieg N(u, T, -)du

0

4 Supervised Learning and Gereralization Bounds

4.1 Model and Empirical Risk

BLAS 5 2] R SURE S 2 I B %% 2] (supervised learning), ##E N D = {(z,v)}, C X x Y, X 5Y
ZIEEHEE b X = Y ZlE, AR 2E ST IXFE— predictor (HERZFRATAIAD . BRI LFIR th— /M5
JERHL (loss function)l : Y x Y +— R KZIHE, DU BRAL THE R I SAE 2 8] R 22 5E

o Expected Loss (of a model h):

o Excess Risk:

E(h) = L(h) — inf LW
Hr o RFRATFMR R 20 /RS (hypothesis class). FRATHEMES BUETE H FHHKEBI—A b, {£18 E(h)
JATRE/IN, BPEAS /NI excess risk G RZ AR ZE ). 3#E—2, FRIA 5 5848 10 minimizer BJ 24 ground
truth ) h*
h* = arginf L(h')
h'eH

N 5 — K 3RAT overloadE 4 E(h, h*).
o Emperical Loss: SEBr EFRATHARER H Expected Loss, R g RIEMZ

Ln =L( Ze

C2is], WA HRZRE—A b, 15 E( h*) (BEEHHL, € L(R)) e/, FATH Al B
FAR B M L, RSN, AR b

hy, = arginf Ly, (h')
h'eH
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o ZHL: W TRESE 1, RGO T IRATAT DL HSHA I R4 8] b (Ebin 2t il {o — 8.2, B €
R}, CDF £ fliit {z — 1 y(z), t € R}), BEISEATER overload ERM L M E, HKE h e H 1
ZHA 0 € © KFER b, B L(O) F1 E(9,07). AESEMUHLE RS

L(#) :XI?Y [¢(h(X;0),Y)]

B(6,6%) =L(6) — jnf L(6') = L(6) ~ L(6")

ZE IZ,

— MR RZAE 7S emperical risk E(0,0%) RATE/N. EREGHH PRI : BEERAE n A1
K, B(0,0%) CMThassm, MRIIGOHZ B(0,07) MVER, & nl bMED R 5

E(0,6%) = L(0) — L(0) + L(0) — L(6") + L(6") — L(6")
I H IIT

Hor,
o IT9EIE

o III HT 0% BRAFENLIERIZE, HEER Epg- [ﬁ(a*)} = L(6*), X —J5 0] DA 2 # A% 448 9 bound
K4z, Hbin Hoeffding bound.

I LB, A LR SHAE KK CHBENLE

I=E [(h(X;0 }_fZg (wi: 0
X7 % ULLN (uniform law of large numbers) K4zl

I <sup
0O

nze (2 0),9) — E[(A(X56), Y)]| = [P — Pllge
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L
o
\\\\ ///
N ~ P e
N i NN
- \\\ yd
. N B
5 ~ A ,
. N NA" /. s
- - rd
(a)

Figure 4.1: These curves demonstrate how we apply uniform convergence to bound the population risk. The
blue curves are the unobserved population risk we aim to bound. The
we observe. Though this curve is often depicted as the fluctuating curve used in Figure , it is more often
a smooth curve whose shape mimics that of the population risk (Figure ). Uniform convergence allows

curves denote the empirical risk

us to construct additive error bounds for the excess risk, which are depicted using the red, dashed lines.

4.2 ULLN Control

(To be modified)

4.3 Via Rademacher Complexity

i || Py, — ]P’HH(@) H1—M 752 Rademacher E 4% (Rademacher complexity)
E X XWT—MESR T = {1} cR?, 1w XH Rademacher

R(Z):= lsgg

E €l
n

I R(T) N

e; ~ Rademacher({£1})

12

ERE, WRES T “RK”, MABNTMAE b E gk E] « € TRK, H13 (e,0) R K. BZ KT Complexity

HI e 311 .

N1 FES], risk #tr] PLEE Rademacher & 4% k%4 .

I <sup
0co

nZ€ (2450

—E[((h(X;0),Y)]| := [IPn — Pll3y0)

X B loss SREARITE T &4, BPIRAIA 54|

RS ENESE D M sn 1 MRS, T SR BT AN,

8 X5 N ) Rademacher E 4 &N

R(H) := Ep~p [R({€(h(xi), yi) }nen)] = Ep~p

o |

]E€~Un1f{:|:1} lsup
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RAMER T ATLLH Rademacher 8% BERAZE M risk AIUSSAME. EEATT
sup E[|((h(z),y)]]
heH

2vn

E [Py, — Plly] < 2R(#)

SEBER ] T — P L AR trick
EA

IER. BANR G D = {(zi,vi) Yy W iid. copyD = {(&i, 5i) } 1y TR UL ITIE D D IR
G/ B, REHAXRBIERIEER X-Y 8 e X MM risk gap ¥ F] complexity, SLAERAER T
-

E[[IP, — Pll3] *ED sup

heH

3 ) ~ 25 10500
D;€ 029i) — (W@, 30)) ]
Zf — ((h(Fi, ) ]

En:&- [£(R(i), yi) — €(h(s, 51)) ] u

o]

—IED sup

heH

Jensen 1
< —Epp [sup
heH

symmetrlze 1

= IED De [sup
heH

251 (i), 93)

<2Ep. |sup
heH

—9R(H)

T

IEH. B ORI 2 55— 4 bound
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E[||IPr, — Pll] =—Ep |sup
hel |
1 = o
=5 -Ep sup ;ﬁ(h(&“z),yz) -Ep [ﬁ(h(wz,yz))]u
1 = L o
s [ 310000, 5) ~ 25 1025 |
triangular ] n .
> %Ep’ﬁ 2161’2 p g(h(xl)vyl) E(h(lil)ayz) ]
symme I'lZe 1 " ~
ymumet o —Ep5. [sup Zsl [C(h(z:),yi) — C(R(Z;), i) ] ]
her | =
convex ]| n
> on —Ep,. :161?1-)1 Z 1(€(h( ) yz) —Ep [£(h(z;) yz)})u
1
27t g 3t - g g K011 S|
) SEEE[If(h(w),y)H

g A L EFRATENS 2] T 2T Rademacher & 24/ risk bound
sup E [|((h(z), )]
heH

2v/n
Frel i R A16E LN bound fE Rademacher BEE, LBt 2 R(H) = o(1), 4B risk e
PeazhE 0, H—L P, — P, WL —-bounded differnce (FZWER, WWRE R H B

E[[[Pn —Plly,] < 2R(H)

no?
E [P — Bllo] — [Ba ~Plyy <5, wp.>1—exp ("o

WARATI ] [P, — P,

5 Sparse Regression

5.1 OLS Regression

[ R Z I TG o AR B FRATER n > d, WUFRER >, DUSREMIE XTX R, 2
AME— . BrtgithRINCEAE TIRZ KT OLS MR, hinfEminiET

st L - v[]] - 4

(B X' X AR OLS r < d $ d BN ).
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PATAT DA R 4 LB recover IXAN IR, JRIRAENE error #1 2 B —fZ 1 subGau T il. Bk X+
T i) 75
y=2a'0"+¢, &~ SubGau(c?)
I fit

0 € argmin ||Y — X0
feRd

&m%%ﬁﬁEmﬁm:EEAYYE]ﬁ%ﬁEYER"%ﬁﬁ)
BERINR: 5k 0 F 0 BERAR (R EIE R « FETHET ¢ BRI 0 /Fy MSE ) minimizer,
ATE

A Al12 * 12 2
el = [y = x8]|_ < Iy — X613 = el
JEIF Y = X0+ %7, Hid A=0— 0"

~ 112 ~
HXMLg%WA

=2 | XA

o xa], <o
2 XA

<2 sup cu

r—1
uesS, ~

Hrb T X B8 e 8, PPl w HBEAE r 4R TR SM L BAZ . XFEIRA TG

- [HXAHH =48 { e (6/u)2] =4k [SubGau(rag)]

—1
u€S; 3

i subGau B2 17X p BrAER bound, Fr ABATA

r
n

EWBEzﬂ[iHXAE]SJQ

P (MSE > t) <exp (— 4nt2>
ro

IGEERATREA B A R A T

2
2

e |xa
M‘<44447
H 2~ Amin (X'X)

—U Conherence 25 f4FBEM 351X 4> bound.
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5.2 Regression with Constraints

T e DL, I RERT d ~n B2 d > n i, FAVRAES B 0G A BIME— R, (BT BAT ] =
ARG RN, APy — 2 “XHERZRRER 7, SR BT — MR M (sparsity e X 3RATTAT LUK
[ R A A — AN AT R AT AL 1)

; 5 6], < k, LO constraint
6 € argmin ||[Y — X6||”, K is some sparisty constraint set, e.g.
feK

10]l; < R, L1 constraint
FATETLAHA OLS SR/ K bound MSE: BT K ZXFRI, RATE

~ 112 A~ A~
HXAH <28'X(0—-0)<2 sup €X(0—0)=2sup &X0=4 sup €'v
2 00K 02K vEXK

A TE R

e [a el <52 Lo, ] - oo

1 2
IP’(HXAH >t> <P (4 sup 5'v>t>
n 2 N yveXK
15U /& Gaussian Complexity FJFEF, FrPAFRATAT DIAH N EE A HT Gaussian Complexity 3K bound X/ MSE.

T KRB AT REFN “3R7, BTl M bound ZURMEERZHE X 19474, X BERITER
B X BSIER, B X, < v

e L1 Constraint: X/MER T XK; &—1 polytope, AT PAFRAT R FEHF 70 TSt 2 % v 8 X K, I Gaus-

sian Complexity o

G(XK;) = G(vertices of XK1) < Ry/nlog2d

EFERATHA
Jlogd
E[MSE,,] < oR \j%
DL

4
P (MSE,, >t) <P ( sup €'v > t)
n veEX K1

4
=P ( 3 v > t>
T vevertices of X K1
4
<2dP (R\/ﬁ/\/(o,o—2) > t>
n

nt2
<2dexp <_16R%2>

nt?

then set 2d exp <_16R“
o

> = § we have
logd/é

w.p.>1—0, MSE;, SoR =
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e LO Constraint: J. Stat461-2023Fall exam Q3, A

E [MSE,] < 0%k/n

~

%TF MSE ) bound #5 I, Stat461-2023Fall exam Q3. Z5i6N
2

1
wp.>1-0, MSEy < (k+klog? +log
n k 1)

XHEEANIEEER]: L1 1 bound B Z ¥, {HE2 Wi @l, &5 Kfk: 1 L0 B bound Eif, H
S A NP-hard FIIL, HEDSRAZ. 24T 5 2 KOG ) bound 46T+

Model 1 — 4 MSE Bound
2 1
OLS <Z <T+log )
n 4]
1
L1 6], < R < ony [0
o? d 1
L < < log — + log =
016l, <k Nn(k‘—l—k‘ogk—i- 0g5>

6 Random Matrix

7 Minimax Risk

7.1 Problem Formulation
T —H#BRE ML P = {P}, IAVESGEBTAETHEAFHBER “S8”
6P):P— O

EE AR — R BEALAE B A TH S Ve, W — e A il Th M 2 2K IATHI B & WA FUE P> iid. hE,
IA FR TR A TS HL

0:X"—©
AR () metric KA &l LFR
p(-; ) O x0=[0,00)
2 RN ATRATAF R T —MFH estimator Wé? Minimax risk B (2 XA — M hrdE:
M(0(P); p) = infsup Er |p(6,0(P))|

0 PeP

Bi: FERTE W REMIML RS Gob, SIAFEOLT (sup) B expected risk /M. XA &2 — MR ISR,
[ PeP

Koy e & VR BRAE S & B UG T s 5, AT 2D REE R risk.
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7.2 From Minimax Risk to Testing

X BIRATHRE M ranging over —/ N5 A IMAE ) @, A upper bound side & —FEAY: PhikH
PR ITR, A HPE packing number. 7E6 T HRADS M := M(26,P, -) METLRE, F—»
Jiiksilit Markov A FEAL A —2E probability [ bound, X [n @R 14 2 X — DA BRE A 1) 72 n) il
T (5 ZEEIH packing i) M PMERESEED.

BARGR: WMiE M(26,P, -) packing {Gj}j]‘il

Egng [p(é,G(IP’))] 2;161% oP (p(é,G(P)) > 5)

5 U A
ZM;P@ <P(079j) > 5)
:=6Q[p(6,6;) > o]
HAH) Q RUTR—A “YIndm” 48 {0,101, LR, X TR 0(-) TATAT LAMIE—A testing (BEF
WD

$(-) == argmin p(d, 6))
JE[M]

XRERATE plnot ¢(-),0) > 6 (0 BARBH M P AR, A {p0,0%) <6} {v(-)=1¢(-)}, HI

sup Ep [,0(9,9(1?’))} >5Q[p(6,64) > 9]
PeP

>6Qp(-) # (-], - is the data from Py

RKEE Q(-) # o(-)] BG4 M KA B B AR, Intuitively, BN 6 S SHEEL
R M FERE, RKERZEWERR, rUERES EA, BrURANTFEZGE—PX § optimize K153 2 HAH
lower bound, XAMd FERZIEIT packing number K5EMHT. H2EIZ& 4 variance-bias trade-off i #2.

7.3 K-L Divergence Method

KENMAETEERRTE RO 8. ERNEE Z2 ~ Q = ﬁzjﬂilﬂ%j BRr, A =
argminp(é,Hj) AT FI A R () lower bound) o WA FHREAR EBIAL () R Ut 2. #ds 2 (D, J),
JEM]
Hr DT ~ Pp,, HIATRGEMEE] Z 1) marginal, MR Py 1 J BEARM, RAVRSHEHAEX Y T, X
A R EARSRSL” W] DL BAR B

1(Z,J) == KL (Qz,.[Q2zQy,)

wmE z 0 J ®AEE 1(Z,J) =0.

SFFEATE N, J ~ Unif[M], A58 A PUS L

M
1(Z,]) = % > KL (Py, |Qz)
j=1
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HATPASEFH U0 R ) Fano’s inequality:

1(Z,J) +log?2

P (1&(2) - J> = log M

XHBEAH T lower bound:

M(6(P); p) :irélf;gg Ep [P(év Q(P))]

=inf6Qp(0,0;) > 4]
6
I(Z,J) +log2

26{1 B log M }
M
{1 ST > j—1 KL(P;[|Q) + 108;2}
log M

#H—LHTE: 1) upper bound 1(Z,J); 2) EFHFEER 6, BIAR 26 packing.

8 Non-Parametric LS
A RIH RN A2 predictor A £ :

L;=Exy [(Y = f(X))?]

19

HApy fRREFr R A, BB R 2 Bayes predictorf*(z) = E[Y|X = x|, FrUARAMER B loss #1747

A risk w.r.t. f*:

Ly—Lp=Exy [(Y = f(X))?] = Exy [(Y = f7(X))’] = Ex [(f(X) = F*(X)°] = If* = flTem)

HENEHE P, = 230 6

n

n

R - 1
Ly—Lp ==Y (f(@) = £ (@) == I = Fll72e,)

n-
=1

(LA WA IE || f — £*)5 A 1f — £
f HIR e E— 1 RKHS HF5% 9 minimize empirical risk, B

" 1
feargmin =" (Vi — £(X))” + M I 1%
ferz N

SR ULLN — 45 ML, estimate loss||f — f*|2 BTN Z = {f — f*} ) complexity 3, X+

PATER T — AN XT S localized form of complexity, LA Gaussian complexity i :

Gn(6; F7) = Ea~/\/(o,1) Sup
g€F* llgll,, <6

1 n
o Z £ig(;)
=1

|

WEY F*(2) 1E f* METRP AR B2 HERATIXAS “MHE” (6) RIREEE, RATHERH 25 1

Ja A5 BoK bound #EARH complexity. XAS “Hid” KHT I A

%in the sense that ||g||, <&
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o 1. Z* WATAARREKRZ, HARKULE star shape around 0: — PN EHEI T convex K261, Bl Vg € F*, )\ €
[0,1], \g € F*. JX/\%#E/JT/E)EHETE point 2 W] § fA1E, BG R R IX A B A # IR global iz
U NS R ZE T NS EH localize form ) complexity bound 4.

o 2. FERAIEBMETHIN G, § = f — f* BRKEZHEE Y, = £(X0) + oe THIREZE & ~ N(0,1)5]5
1, FrLAEGiRE RE 6 RTHEMENE ¢ SIEMRERERTTOFEEB LR g. XA “EE” Bk
T

HERE] Y (ys — f(@0)? < Tlys — f*(@2)?, 195

A~

f=1

; isggkmw»—ﬁm»
AT ||g, <0 X3k, FrUABGORB ¢ AL *

52
9 = > Ugn(&y*)

N8 BOAZI R A GXAS justify ANk, RSz E SRR
=BT Gu(6,.7*) AILARNH metric entropy >k bound (Dudley size), #tfefti — "Nl HET 6,, L

MJW P426.
FPERESR UL, 02/2 > 0Gn (5, 7)) BfRW T 1 bound (MJW Thm 13.5):
“ 2
P (’ = 16t(5n) < exp [—mﬂ . VE> 4,
n 20’

N ELIUE ¢ = 6, I TR

. 2 né?2
— | < g2 1— _n
‘ s 07, w.p.l1 —exp { 202}

8.1 Oracle Inequality

ik, R FOIMAEAILSE R G F hikE—A [~ 1“8, B%Faﬁﬁiﬁ%ié&mﬁﬁ%%\
Ik, BARUH PP bound fRIE (MJW P433 Thm 13.13): XF 02 > 20G,(6,.F — F), BEE t > 6, A

|- = it 20— 12
n— yefo,1] 1 ( ’Y)

EVRAKYL, BUE ¢t = 6, XS v SRAAF 3

<6310

R 2
FARDME f € F (035, LW bound BRI |- 1| 5
Example: k-sparse Fdii1 iR ZRITHZ Hik, X EXT oracle M) j& £ H—Til approximation error:

t0,, Vfe.F, wpl—ciexp [—CQntén/JQ]

n

\—,—/ estimation error

approximation error

< wmef -2+ 2
n" feF " ~—

2 d 1
< inf f = £+ = (klog S +log <
n k o)

k sparse f

ka sparse — f*

62
ASEBRF SR BRAT— M 6/20 > G (6, -) /0, X AERAHEMT R “6 WHEMK P ERE” (R _EZFA star-shape f4IF
T F WRER 0(8) i)
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9 Miscellaneous

9.1 Universality

Universality 8@ —28: FEAS object 7R A S 4E BN i 4B 15 RS A B (irrelevent) FIIAR, — N4y
HIE] 1 A& H OB PR 2 3 X AT B AT (with some mild conditions) 7 [F] 43 A I FEHIAS & X1, Xo, - -+ X, X,

FMEAFFFT A Gaussian FEHLE R G, Ge, -+ ,Gpy, FANTH
3;§EXQ—EX£3J;§i«a—EGQ
\/ﬁ =1 \/ﬁ =1

H A (i) in the sense of closeness of the distribution, e.g. & EXARBEBFERT X EENERE B
vanish | .
Universality $2fit /41 JL4> points:
o REMERNRRG AL NG OIS EAE R, MHATRAR T CHR—E oA Sy AR
f, N I AR A 5 98 0D
o —UEXEDL explicitly THE M ZR P A LLUEE Universality 8 CA A LATHE AR TS CELanf@ s iy rov. AR R
Foft— 26 5 TSR 0 A AR A
o EYETENL N A RHMEIE S EMAE (phase transition) FL%, XHHE Universality 2> —2HHHL %R (incon-

tinuity in some senses)
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